Abstract. In this paper we provide sharp error bounds in approximating the weighted Riemann-Stieltjes integral
Introduction
One can approximate the Stieltjes integral R b a f (t) du (t) with the following simpler quantities:
, [19] ), (1.1)
( [11] , [12] ) (1.2) or with The inequality (1.5) is sharp in the sense that the multiplicative constant C = 1 in front of L cannot be replaced by a smaller quantity. Moreover, if there exists the constants m; M 2 R such that m f (t) M for a.e. t 2 [a; b] ; then [18] (1. 6) jD (f; u; a; b)j 1 2 L (M m) (b a) :
The constant 1 2 is best possible in (1.6). A di¤erent approach in the case of integrands of bounded variation were considered by the same authors in 2001, [19] , where they showed that (1. 7) jD (f; u; a; b)j max
provided that f is continuous and u is of bounded variation. Here W b a (u) denotes the total variation of u on [a; b] : The inequality (1.7) is sharp.
If we assume that f is K Lipschitzian, then [19] (
2 the best possible constant in (1.8). For various bounds on the error functional D (f; u; a; b) where f and u belong to di¤erent classes of function for which the Stieltjes integral exists, see [16] , [15] , [14] , and [8] and the references therein.
For the functional (f; u; a; b; x) we have the bound [11] :
provided f is of bounded variation and u is of r H Hölder type, i.e.,
with given H > 0 and r 2 (0; 1]: If f is of q K Hölder type and u is of bounded variation, then [12] (1.11) j (f; u; a; b;
If u is monotonic nondecreasing and f of q K Hölder type, then the following re…nement of (1.11) also holds [8] :
If f is monotonic nondecreasing and u is of r H Hölder type, then [8] :
The error functional T (f; u; a; b; x) satis…es similar bounds, see [17] , [8] , [3] and [2] and the details are omitted.
Motivated by the above results, we consider in this paper the problem of providing sharp error bounds by approximating the weighted Riemann-Stieltjes integral
Applications for continuous functions of selfadjoint operators in complex Hilbert spaces are given as well.
The Results
The …rst main result is as follows: 
The constant 
The constant The case when the function f is Lipschitzian is of interest and is incorporated in the following result. 
Proofs
We need the following lemma that is interesting in itself as well: Lemma 1. Assume that the functions f; g; : [a; b] ! C are such that the RiemannStieltjes integrals
Proof. Observe that
Integrating by parts in the Riemann-Stieltjes integral, we have
On applying the well known property of the Riemann-Stieltjes integral with integrators that are expressed by an integral (see for instance [1, p. 158-p. 159]) we have
and by (3.2) and (3.3) we deduce the desired representation (3.1). This concludes the proof of the lemma.
It is well know that, if the Riemann-Stieltjes integral 
which is an inequality of interest in itself.
Taking the supremum over t 2 [a; b] in (3.6) and making use of the inequality (3.5), we deduce the desired result (2.1).
( 
Now, on utilizing this property, we have that
Taking the supremum over t 2 [a; b] in (3.8) and making use of the inequality (3.5), we deduce the desired result (2.2). 
Taking the supremum over t 2 [a; b] in (3.10) and making use of the inequality (3.5), we deduce the desired result (2. i.e., we have the inequality: .7) we have the following inequality
which is an inequality of interest in itself. The statements (aa) and (aaa) follow in a similar manner and the details are left to the reader.
In order to prove the sharpness of the constant ; which is Lipschitzian with the constant K = 1: If we take g (t) = 1; t 2 [a; b] then for any function : [a; b] ! C of bounded variation we have
Inserting these values in (3.14) we get
If we take now the function :
; then this function is monotonic nondecreasing and we have I = b a;
which shows that the constant 1 2 is best possible in both inequalities (2.4) and (2.6).
Applications for Selfadjoint Operators in Hilbert Spaces
Let U be a selfadjoint operator on the complex Hilbert space (H; h:; :i) with the spectrum Sp (U ) included in the interval [m; M ] for some real numbers m < M and let fE g be its spectral family. It is well known that we have the following spectral representation in terms of the Riemann-Stieltjes integral :
which in terms of vectors can be written as 
for any x; y 2 H: 
for any x; y 2 H and
for any x 2 H:
Proof. If we use the inequality (2.1) we can write that
for any x; y 2 H: Since, by the spectral representation (4.3) we have
for any x; y 2 H; then by (4.6) we deduce the …rst inequality in (4.4).
To prove last part of (4.4), we …rst notice that if P is a nonnegative operator on H; i.e., hP x; xi 0 for any x 2 H; then the following inequality is a generalization of the Schwarz inequality in H jhP x; yij 2 hP x; xi hP y; yi for any x; y 2 H:
Further, if d : m = t 0 < t 1 < ::: < t n 1 < t n = M is an arbitrary partition of the interval [m; M ] ; then we have by Schwarz's inequality for nonnegative operators that
By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we also have that
for any x; y 2 H: These prove the last part of (4.6). Now, on utilizing the inequality (2.3), we also have
for any x 2 H; then (4.7) implies the desired inequality (4.5).
The case when f is Lipschitzian is incorporated in the following result: The proof follows by the statements (a) and (aaa) of Theorem 2 and the details are omitted.
The previous results can be used to provide inequalities for the quantity hh (A) x; yi when the function h can be decomposed in a product of two functions f and g as those considered above. A simple example of such a function is the "entropy function" h : (0; 1) ! R, h (t) = t ln t:
Let A be a positive de…nite operator on the complex Hilbert space (H; h:; :i) with the spectrum Sp (A) included in the interval [m; M ] for some numbers 0 < m < M and let fE g be its spectral family.
1. Now, if we apply Theorem 3 for the choice f (t) = t and g (t) = ln t, t > 0; then we have hA ln Ax; yi m + M 2 hln Ax; yi (4.10) hjln Aj x; xi for any x 2 H: Theorem 4 provides for the choice f (t) = t and g (t) = ln t, t > 0 the same inequalities (4.10) and (4.11).
2. Now, if we apply Theorem 3 for the dual choice f (t) = ln t and g (t) = t, t > 0; then we have
